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Ca2+ signaling is crucial for feedback of a living organism to external stimulation. In intracellular space,
Ca2+ signal propagates between organelles, and usually takes effect at a position far away from calcium pump.
The readout accuracy of Ca2+ signal is relevant to the spatial location of organelles involved. In this work, we
develop a qualitative frame to study the distance dependence of readout accuracy of intracellular Ca2+ signal.
When Ca2+ ion enters the system without velocity, the signal may become a global signal fast, and die away in
the propagation. To keep the locality of Ca2+ signal, the penetrability of Ca2+ signal in intracellular space can be
regulated through adjusting the initial speed of Ca2+ ion. The result suggests that the distance between entrance
and the position where the signal is read out should be considered to estimate the readout accuracy of signal.
I. INTRODUCTION
A living organism is a busy and orderly cell society. The
maintenance of this society depends not only on material and
energy transport, but also on cell communication and signal
transmission extracellularly and intracellularly [1, 2]. The
signal transmission system is the basis of adaptability of an
organism to external stimuli, which coordinate cell behavior,
and then adapt to external environment, such as cell growth,
division, differentiation, low temperature, lighting, and me-
chanical damage [3, 4].
The extracellular stimulation regulates cell behavior by
converting it into an intracellular signal response. Signal
molecules are the key components of intracellular signaling,
and their physical space constraints play an important role
in cell signaling pathways. The receptor density, distribu-
tion, and clustering may be key spatial features influencing
the physical and biochemical responses to many regulatory
signals, among which receptor clusters have a certain effect
on receptor-ligand binding [5–7]. Goyette et. al. motioned
that receptor aggregation affects the trigger of T cell recep-
tor and transforms it into appropriate intracellular signal, and
emerged as a key regulatory element in signal transduction
of this archetypal immune receptor [8]. The relative position
are also found important to the communication and material
tranport between membranes and organelles [9, 10]. Physi-
cal study has also revealed a new role of the endosomal net-
work in signal processing by governing the spatio-temporal
distribution of signaling molecules [11]. In addition, by mea-
suring concentration of chemoattractants, it is possible to as-
sess the number of specific receptors required and their effect
on chemotaxis [12]. Hence, the extracellular and intercellular
spatial locations are important in cell signal pathway, and its
effect should be considered in relevant studies.
Ca2+ is ubiquitous signal messenger in cell [1, 2]. It is gen-
erally believed that the response of cells to many external en-
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vironment and hormone stimulation is through the change of
free Ca2+ concentration in cytoplasm. Ca2+ ion can mediate
phosphatidinylinositol signaling pathway, IP3-Ca
2+. IP3 can
mobilize the endogenous Ca2+, transfer Ca2+ stored in the en-
doplasmic reticulum to the cytoplasm, and increase intracellu-
lar Ca2+ concentration. The PKC translocates in cytoplasm to
the inner surface of plasma membrane, is activated by DAC,
and then the substrate protein is phosphorylated. Calmodulin
(CaM) is a common Ca2+ responsive protein in eukaryotic
cells. It can combine with Ca2+ to form Ca2+-CaM complex,
and then combine with target enzyme (such as PKC) to acti-
vate it.
Ca2+ enters cytoplasm from calcium pump, and diffuses in-
tracellularly, and finally it will be read out. The readout of
a Ca2+ signal does not equal directly to the position of Ca2+
ion. In Refs. [13, 14], the authors developed a frame to esti-
mate the accuracy of the position of Ca2+ signal by the spa-
tial distribution of phosphorylation events. Ca2+ raises phos-
phorylation events, which contribute to the readout of Ca2+
signal. In their work, the propagation of Ca2+ is simplified
to a 1-dimensional diffusion while in a realistic cell Ca2+ ion
moves from calcium pump in 3-dimensional space. Ca2+ ion
enters cytoplasm from endoplasmic reticulum through a cal-
cium pump, and the phosphorylation happens in plasma mem-
brane. In this procedure, Ca2+ ion need diffuse in cytoplasm
when propagating from calcium pump to target enzyme. With
the increasing of distance from calcium pump, the estimation
error of position of Ca2+ ion can be expected to become larger.
It will lead to an interesting aftermath. If estimation error of
readout of the position of Ca2+ signal becomes very large to
be comparable to the size of a cell, the effect of Ca2+ is global.
The velocity of Ca2+ ion from calcium pump will affect read-
out accuracy also. One can expect that the locality of a Ca2+
signal can be restored with a large speed of Ca2+. However,
there is no quantitative model to describe such phenomenon
in the literature.
In this work, we will study the distance dependence of read-
out accuracy of intracellular Ca2+ signaling. A toy scenario
will be introduced first to show the basic frame to read out the
3-dimensional position of Ca2+ by the phosphorylation events.
2The effect of velocity are also discussed. Then, we will study
the variation of spatial distribution of phosphorylation events
in response to Ca2+ signal with the increase of distance for a
cytosolic and a membrane binding kinase. One can find that
with the increasing of distance it becomes more difficult to lo-
cate the position of Ca2+ while a large speed will slow it down
obviously. And the results for cytosolic will trends to these
for membrane binding kinase with small speed of Ca2+ and
the increasing of distance.
II. THE TOY SCENARIO
Due to the complexity of Ca2+ signal propagation, we first
use a toy scenario to present the theoretical frame adopted in
the current work (see Fig. 1). In toy scenario, Ca2+ ion enters
the system from a calcium pump at r = (x, y, z) = 0 = (0, 0, 0)
on endoplasmic reticulum, which is idealized as a large plane
at x and y directions, and activates a kinase immediately. Here,
we assume that the active kinase carrying an initial velocity v,
which is unchanged before the Ca2+ ion is lost. It is natural
to assume that the velocity is in a direction along z direction
perpendicular to the endoplasmic reticulum. Then, the active
kinase phosphorylates at a rate of νp. At the same time, the
Ca2+ ion detaches from the active kinase and leaves system at
a rate of νl. Endoplasmic reticulum reflects kinase regardless
of whether it is active. Such a scenario is also the simplest
scenario for the signal propagation.
FIG. 1. The toy scenario for Ca2+ signal propagation. The explicit
description is presented in text.
A. The master equation
As in Refs. [13, 14], the readout accuracy of Ca2+ signal
is described by the uncertainties of phosphorylation events
raised by Ca2+ ion. A function Pa[n(ξ); r, t] is introduced to
reflect two independent probabilities: having kinase activated
by Ca2+ ion at position r and time t, and having a distribu-
tion of phosphorylation event n(ξ) at time t. Different from
Refs. [13, 14], here we adopt 3-dimensional coordinate, r and
ξ, instead of 1-dimensional coordinate, x and ξ. The master
equation for the toy scenario can be written as
∂tPa[n(ξ); r, t] = D(∇2 − v∂z)Pa[n(ξ); r, t] − νlPa[n(ξ); r, t]
+ νp{Pa[n(ξ) − δ(ξ − r); r, t] − Pa[n(ξ); r, t]},
∂tPi[n(ξ); t] = νl
∫
dx Pa[n(ξ); r, t]. (1)
The active kinase diffuses by constant D and is lost at a rate of
νl, which is relevant to the former probability. The Dirac delta
function δ(ξ − r) means a phosphorylation event happens at
r, then, the distribution jumps from Pa[n(ξ) − δ(ξ − r); r, t] to
Pa[n(ξ); r, t] at a rate of νp. It makes two probabilities inde-
pendent, so we have to adopt one probability function instead
of the product of two independent probability functions to de-
note a state. Analogously, Pi[n(ξ); t] is for the distribution
when the kinase is inactive.
Ca2+ ion enters system at position of r = 0, which leads to
an initial condition as,
Pa[n(ξ) = 0; r, t = 0] = δ(r). (2)
Different from Refs. [13, 14], because active kinase will be
reflected by boundary, we have an additional boundary condi-
tion at z = 0 as
∂zPa[n(ξ); r, t]|z=0 = 0, (3)
After a dimensionless treatment, the time and space are
scaled by νl and
√
νl/D, respectively.
B. Stochastic simulation of the master equation
Because two independent possibilities involve in the func-
tionPa[n(ξ); r, t], it is difficult to be solved analytically. How-
ever, the master equation can be simulated numerically. In
the current work, we adopt the Gillespie algorithm to do
the stochastic simulation [15] as in Refs. [13, 14] but in 3-
dimensional space with a boundary at z = 0.
Ca2+ ion attached to a kinase enters system at r = 0.
An event occurs to the active kinase in a step of time ∆t =
−lnr/(1 + νp) with r being a random number in a range from
0 to 1. This event is phosphorylation or inactivation, which
is determined by drawing a random number from 0 to 1 + νp.
The 1 is for the inactivation rate νl, which is scaled to 1, and
the νp is for scaled phosphorylation rate. If the random num-
ber is smaller than 1, simulation stops. If not, the position of
active kinase is changed in three directions by drawing three
independent random numbers ∆r from the Gaussian distribu-
tion with zero mean and variance 2∆t. For the position in the
x or y direction, the ∆x/∆y is added to the current position di-
rectly. But for the z direction, an additional change v∆t should
be added for the velocity, and if new position z < 0, kinase
should be reflected by endoplasmic reticulum as |z|. Phospho-
rylation event happens in this step of time and the position is
recorded as ξi. The simulation continues, and a new time step
is drawn for next loop. When simulation ends, we have a tra-
jectory of n0 phosphorylation events. With N simulations, we
obtain n trajectories with phosphorylation events.
In Refs. [13, 14] where a one-dimensional study was per-
formed, the mean position ξˆ =
∑n0
i=1
ξi/n0 was used to estimate
the position of Ca2+. The estimation error ℓ2 is calculated
by the sum of mean position squares as ℓ2 =
∑n
k=1 ξˆ
2
k
/n. We
3would like to remind that if a simulation does not raise any
phosphorylation event, we do not count it into the number of
trajectories n. In the current work, we will study the distance
dependence of accuracy to estimate the position of Ca2+. In
order to determine event distribution and estimation error at
z, we will collect all mean position of a simulation ξˆ which
has z − δz/2 < ξˆz < z + δz/2, with a number nz. The number
distribution is defined as nˆ(z) = nz/(nδz) and the estimation
error as ℓ2(z) =
∑nz
k=1
(ξˆ2
x,k + ξˆ
2
y,k)/nz. Here, the number distri-
bution nˆ(z) is for the phosphorylation trajectories, not for the
phosphorylation events.
C. Limitation of νp << 1
In one-dimensional case without volecity, the master equa-
tion can be solved analytically in the limitation of νp << 1
where the probability of having a trajectory with two or more
phosphorylation events is negligible [14]. In this case, the
ξˆ tends to the position of kinase where the phosphorylation
happens. In the followings, we will check if it is still valid in
3-dimensional case with a volicity.
The probability function of phosphorylation distribution is,
P[n(ξ; t] ≡ Pi[n(ξ; t] +
∫
drPa[n(ξ), t]
= P1i (ξ; t) +
∫
drP1a(ξ; r, t) ≡ P[(ξ; t], (4)
where P1a(ξ; r, t) or P
1
i
(ξ; t) is the probabilities of having an
active kinase at r (or after inactivation of the kinase) where a
phosphorylation event had occurred at position ξ.
The P1
i
(ξ; t) and P1a(ξ; r, t) are connected into the P
0
a(r, t),
which is the probability of having, at time t, an active kinase
at r without any phosphorylation, as
∂tP
1
a(ξ; r, t) = (∇2 − v∂z)P1a(ξ; r, t)
+ νpδ(ξ − r)P0a(r, t) − P1a(ξ; r, t). (5)
After integrating above equation and inserting it into Eq. (4),
we can obtain the probability function of phosphorylation dis-
tribution as
P(ξ) = νp
∫ ∞
0
dt′P0a(ξ, t
′), (6)
where we take time to ∞, which means phosphorylation have
finished.
Under the limitation of νp << 1, the master equation for
P0a(r, t) is reduced to
∂tP
0
a(r, t) = (∇2 − v∂z)P0a(r, t) − (1 + νp)P0a(r, t), (7)
with initial condition P0a(r = 0, t = 0) = δ(r). We integrate
above equation in respect to time t and have
νpδ(r) = (∇2 − v∂z)P(r) − (1 + νp)P(r). (8)
We make the Fourier and Laplace transformation with respect
to x/y and z directions, respectively, and it yields,
P(~q, z) =
νp
ω+(q)
e−ω−(q)z (9)
with ω±(q) =
√
v2/4 + q2 + 1 + νp ± v/2. Here, q2 ≡ ~q2 ≡
q2x + q
2
y with ~q = (qx, qy) for the Fourier transformation in the
x/y direction. Refer to Appendix for the explicit method.
Distribution of number in z direction can be obtained as,
nˆ(ξz) =
∫
dξxdξyP(ξ) = P(~q, ξz)|~q=~0 =
νpe
−ω−ξz
ω+
, (10)
where we useω± to denoteω±(q) with q = 0. After integrating
on ξz, we can obtain total number n = νp/(1 + νp), which is
the same as in Ref. [14].
The estimation error in the z direction is defined as ℓ2(ξz) =
1
nˆ(ξz)
∫
dξxdξy(ξ
2
x + ξ
2
y )P(ξ) which can be obtained as
ℓ2(ξz) =
1
n(ξz)
∇2
~q
P(~q, ξz)|~q=~0 =
2(1 + zω+)
ωω+
, (11)
with ω =
√
1 + νp. The results with a rate of νp = 0.05
are presented in Fig. 2 and compared with results from 107
stochastic simulations.
FIG. 2. The simulation points, estimation error ℓ2(ξz) and number of
the phosphorylation events nˆ(ξz) with a small rate of νp = 0.05 from
107 stochastic simulations in toy scenario. The upper two panels are
for the simulations with the horizontal and vertical coordinates are
for the ξz and ξx, respectively. The lower two panels are for the z
dependence of the error ℓ2(ξz) and number nˆ(ξz). The left and right
two panels are for speed v = 0 and 5, respectively.
As expected, under the limitation of νp << 1, the analytical
results fit the stochastic simulation very well. The simula-
tion events exhibit the effect of velocity obviously. With zero
speed, the events condensate near the position where Ca2+ en-
ters system. If the Ca2+ ion attached to a kinase has a non-
4zero speed, the events spread further in the direction of veloc-
ity. Moreover, the estimation error ℓ2(z) decreases obviously
slowlier than the case with zero speed.
D. Mean-field ansatz
Now we consider the mean-field ansatz where the phos-
phorylation rate at position x is assumed to be proportional
to the probability of finding a kinase at this position. Let
pa(r, t) =
∫
Dn(ξ)Pa[n(ξ); r, t] denotes the probability of
finding an active kinase at r, where the functional integral ex-
tends over all possible phosphorylation distributions n(ξ) with
n(ξ) ≥ 0 for all ξ.
The probability of having n phosphorylation events at posi-
tion r at time t, P(n, r, t) is determined by
P˙(0, r, t) = −νp pa(r, t)P(0, r, t),
P˙(n, r, t) = νp pa(r, t)[P(n − 1, r, t) − P(n, r, t)], (12)
with initial condition as P(0, r, 0) = 1 for all r and pa(r, 0) =
δ(r). It yields P(n, r, t) =
νnp
n!
p¯a(r, t)
ne−νp p¯a(r,t) with p¯a(r, t) =∫ t
0
dt′pa(r, t′) which is similar to the results in Ref. [14].
The mean number of phosphorylation events at r is nˆ(r, t) =∑∞
n=0 nP(n, r, t) = νp p¯a(r, t). The time evolution of pa obeys
∂t pa(r, t) = (∇2 − v∂z)pa(r, t) − pa(r, t). (13)
After integating on the time t from 0 to ∞, we have,
−δ(r) = (∇2 − v∂z) p¯a(r) − p¯a(r). (14)
By making a Fourier and cosine transformation with respect
to x/y and z, respectively, and it yields,
nˆ(~q, z) = νp pa(~q, z) =
νp
ω+(q)
e−ω˜−(q)z, (15)
with ω˜±(q) =
√
v2/4 + q2 + 1 ± v/2. We can obtain the distri-
bution in the z direction,
nˆ(z) = nˆ(~q, z)|
~q=~0
=
νp
ω˜+
e−ω˜−z, (16)
In the spirit of the mean-field ansatz, we replace the expres-
sion for the estimation error by
ℓ2(z) =
∫
dxdy (x2 + y2)nˆ(x, y, z)∫
dxdy nˆ(x, y, z)
=
1
nˆ(z)
∇2
~q
nˆ(~q, z)|q=0 =
2(1 + zω˜+)
ω˜+
. (17)
One can find that the result in the mean-field ansatz is close
to that under small νp limit. In fact, the mean-field equations
can only be expected to work well in the cases when the num-
ber of phosphorylation events in a trajectory is small, that is,
when two or more phosphorylation events for a single Ca2+
ion are rare. The realistic phosphorylation rate νp is about
2/s [16] while the νl = 40/s [17], which leads to a scaled
νp ≈ 0.05, which is sufficient to apply the mean filed ansatz.
E. Dependence on the νp
As analyzed above, the mean field ansatz is only valid in
the cases for a small phosphorylation rate νp. However, the
stochastic simulation works at all νp. In Fig. 3, we present the
results for different values of νp from 0.01 to 100.
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FIG. 3. The estimation error ℓ(z) and number n(z) with different
phosphorylation rates. The lines for νp = 0.01 and 0.1 are drawn
by using Eq. (10) and Eq. (11). Other lines are obtained by fitting
the simulation results linearly and exponentially for ℓ(z) and nˆ(z),
respectively.
For all values of the νp, without velocity the estimation
error ℓ2(z) increases rapidly with the increasing of distance
from entrance. If the Ca2+ ion attached to the kinase has
a velocity, the increase of estimation error against distance
becomes slower, which indicates higher readout accuracy of
the position of Ca2+ ion. Besides, with the increasing of
speed, the number decreases much slower along the z direc-
tion, which suggests that the signal penetrates further in intra-
cellular space and can be read out more easily.
With the increasing of the νp, the estimation error ℓ
2(z) re-
duces and reaches a minimum. And a large rate leads to a
large number nˆ(z). For the νp = 0.01 and 0.1, we use Eq. (10)
and Eq. (11) to give the analytical results, and one can find
that these lines fit the simulation very well. For lager νp, the
small νp approximation becomes invalid. We give linear and
exponential fits for estimation error and number, respectively.
The results suggest that estimation error and number still vary
with distance linearly and exponentially, respectively.
III. THE CAM SCENARIO
Now, we turn to a more realistic scenario. In CaM scenario,
the kinase will be activated when Ca2+ diffuses in cytoplasm
(see Fig. 4). Ca2+ ion enters system at r = 0 on endoplasmic
reticulum with an initial velocity v. Here, we still assume the
5velocity is along the z direction perpendicular to the endoplas-
mic reticulum, which reflects Ca2+ ion and kinase regardless
of whether it is active. If not losing into cytosolic, the moving
Ca2+ ion attaches and activates the kinase. After attachment,
the velocity of combined kinase and Ca2+ ion is assumed to
disappear due to their large mass difference. Then, the active
kinase phosphorylates at a rate of νp. At the same time, the
Ca2+ ion may detach form active kinase at a rate of νd. The de-
tached Ca2+ ion may leave the system at a rate of νl, or attach
a kinase and begin a new loop again.
FIG. 4. The CaM scenario for Ca2+ signal propagation. The explicit
description is presented in text.
A. Master equation
Since Ca2+ ion does not attach and active a kinase imme-
diately, we should introduce a function to describe such state.
As the Pa[(n(ξ); r, t], Pi[(n(ξ); r, t] is defined as the probabil-
ity distribution, when Ca2+ is present, but not attached to the
kinase. Different from Refs. [13, 14], Ca2+ ion enters system
with a velocity v, and after an attachment, the velocity is lost.
We should distinguish the states with and without velocity. We
define a special state function as Pi0[r, t] for the state with ve-
locity and Ca2+ ion unattached to a kinase. And P0[(n(ξ); r, t]
is the probability distribution, when the Ca2+ ion is lost from
system. The master equation is given by
∂tPi0[r, t] = DC(∇2 − v∂z)Pi0[r, t] − (νa + νl)Pi0[r, t],
∂tPi[(n(ξ); r, t] = DC∇2Pi[n(ξ); r, t] + νdPa[n(ξ); r, t]
− (νa + νl)Pi[n(ξ); r, t],
∂tPa[n(ξ); r, t] = DK∇2Pa[n(ξ); r, t] − νdPa[n(ξ); r, t]
+ νp {Pa[n(ξ) − δ(ξ − r); r, t] − Pa[n(ξ); r, t]}
+ νa {Pi[n(ξ); r, t] + Pi0[r, t]} ,
∂tP0[n(ξ); t] = νl
∫
dr
{Pi[n(ξ); r, t] + Pi0[r, t]} . (18)
The initial condition is
Pi0[n(ξ) ≡ 0; r, t = 0] = δ(r), (19)
and all other probabilities are zero, which suggests that Ca2+
ion enters system at x = 0. Because Ca2+ ion and active kinase
will be reflected by a boundary at z = 0, we have boundary
condition as
∂zPi,a[n(ξ); r, t]|z=0 = 0, ∂zPi0[r, t]|z=0 = 0. (20)
After a dimensionless treatment, the time and space are scaled
by νp and
√
νp/DC , respectively. The scaled νa, νd, νl, and DK
can be obtained from scaled time and space.
B. Stochastic simulation of the master equation
As in toy scenario, we adopt the Gillespie algorithm to
do stochastic simulation. After Ca2+ ion entering system, an
event, attachment or leaving system, occurs and is determined
by drawing a random number from 0 to νl+νa. The position of
Ca2+ ion is changed in three directions randomly. In the z di-
rection, an additional movement from velocity as v∆t should
be added in the first loop. Besides, if new position z < 0,
the kinase should be reflected by boundary as |z|. The kinase
may phosphorylate target protein or inactivate in a new step of
time. The type of event is still determined by drawing a ran-
dom number. At the same time, the kinase moves randomly. If
phosphorylation happens, the position is recorded. If the Ca2+
ion detaches from the active kinase, simulation continues to a
new loop.
In Fig. 5, we present the results for the simulation points,
estimation error and number for phosphorylation trajectories
with νa=10, νd=10, νl=20, and DK=0.02 from 10
7 stochastic
simulations. Here, the values of parameters are cited from
Refs. [16–19].
FIG. 5. The simulation points, estimation error ℓ2(z) and number
nˆ(z) with νa=10, νd=10, νl=20, and DK=0.02 from 10
7 stochastic
simulations in the CaM scenario. The left and right two panels are
for speed v = 0 and 15, respectively. Other notations are analogous
to those in Fig. 2.
As in the toy scenario, without velocity, simulation points
condensate near the entrance. The estimation error increases
rapidly with the increasing of the distance in the z direction,
and the number of the phosphorylation trajectories decreases
rapidly also. It suggests that the signal will die away fast af-
ter entering system. If Ca2+ ion carries a no-zero speed, the
6signal has large penetrability, and the simulation points spread
farther along the z direction, which leads to slow increase of
the estimation error and slow decrease of the number.
C. Mean-field ansatz
Now we give analytical results in the mean field ansatz. As
in the toy scenario, the expected number nˆ of phosphoryla-
tion trajectories in the limit t → ∞ is nˆ = p¯a(r). where the
barred quantities indicate as above time-integrated quantities.
To obtain the distribution of the expected phosphorylation tra-
jectories, we are then left with solving,
−δ(r) = (∇2 − v∂z) p¯i0(r) − (νa + νl) p¯i0(r),
0 = ∇2 p¯i(r) + νd p¯a(r) − (νa + νl) p¯i(r),
0 = DK∇2 p¯a(r) − νd p¯i(r) + νa[P¯i(r) + P¯i0(r)]. (21)
As presented explicitly in Appendix, we make a Fourier and
Laplace transformation with respect to x/y and z directions,
respectively, and it yields,
nˆ(z) =
νa
DK
ω−
ω+
[
ω′2 − λ2
+
λ+(λ
2
+ − ω2−)(λ2+ − λ2−)
e−λ+z
+
ω′2 − ω2−
ω−(ω2− − λ2−)(ω2− − λ2+)
e−ω−z
+
ω′2 − λ2−
λ−(λ2− − ω2−)(λ2− − λ2+)
e−λ−z
]
, (22)
where ω± =
√
(νa + νl) + v2/4 ± v/2 and ω′ =
√
νa + νl.
λ± =
√
(a ±
√
a2 − 4b)/2 with a = (νa + νl) + νd/DK and
b = νlνd/DK . The analytical expression for the estimation
error ℓ2(z) is very complicated and given in Appendix. As
discussed in the toy scenario, the realistic value of the νp is
very small, which suggests the mean field ansatz workable
with such parameters. In Fig. 5, we compare the simulation
results with the results obtained by Eqs. (22) and (A11). The
mean field ansatz describes simulation results quite well for
both estimation error and number.
In Fig. 6, we present the dependence of estimation error
and number on distance z and speed v, respectively. As shown
in left panels, if Ca2+ ion enters system without velocity, the
estimation error increases rapidly with the increasing of dis-
tance. With large speed of Ca2+ ion, the gradient of curves for
estimation error against z becomes small. For a speed of 50,
the estimation error is only about 0.8 at a distance z of about
9. With a large speed of several hundreds, the estimation er-
ror is very small and almost unchanged with the variation of
distance. The number also decreases with the increasing of
distance, but large velocity will slow down such decrease as
for the estimation error.
In right panels, for a certain distance z, the estimation er-
ror first decreases very rapidly, and then slowly with the in-
creasing of speed. Finally it becomes stable at large speed.
For larger distance, larger speed is needed to get a stable esti-
mation error. Difference of estimation error for different dis-
tances becomes small at large distance. The number trends to
a stable value also with the increase of speed.
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FIG. 6. The estimation error with νa=10, νd=10, νl=20, and DK=0.02
from 108 stochastic simulations in the CaM scenario. The upper and
lower two panels are for the estimation error ℓ2 and number nˆ, re-
spectively. The left and right two panels are for the dependence on
the distances z with different speed v and on the speed v at different
distances z.
For both estimation error and number, analytical results
with the mean-field ansatz fit the simulation well. And as
in the toy scenario, velocity makes signal propagate to fur-
ther distance. For example, for Ca2+ ion without velocity, the
estimation error will increase to 1 at z of about 2, which cor-
responds to 15.8 µm at 31.6 µm. With a large speed, the error
with the current parameters keeps about 5µm even at a dis-
tance larger than 100 µm, which is a standard size of a cell.
D. Dependence of the parameters
In above figure, we adopt the values of parameters sug-
gested in the literature [16–19]. It is interesting to discuss
the uncertainty from the different values of the parameters. In
Fig. 7, we present the variation of the estimation error against
the distance with different parameters.
A large attachment rate νa will increase the possibility to
produce a trajectory of phosphorylation event. However, the
variation of estimation error is obviously smaller than ex-
pected. The results with νa of 50 is about 0.2 larger than the
one of 0.5. The effect of detachment rate variation is smaller.
The result with νd of 50 is only about 0.05 larger than the one
of 0.5. The variation of the estimation error is more sensitive
to the lost rate νl and the diffuse constant DK . It is interesting
to see that though larger νa and DK , smaller νd and νl, lead
to more phosphorylations, the error decreases instead. Be-
sides, one can find that the results with smaller νa and DK ,
larger νd and νl, fit the simulation better. All these cases mean
few phosphorylations, which is more consistent with the mean
field ansatz as discussed in the toy scenario.
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FIG. 7. The variation of estimation error against distance with dif-
ferent parameters from 108 stochastic simulations. The results are
obtained by varying one of the parameters, νa=10, νd=10, νl=20,
and DK=0.02.
IV. THE PKC SCENARIO
Now, we turn to the PKC scenario, that is, phosphoryla-
tion happens when active kinase is bound into plasma mem-
brane (see Fig. 8). In Refs. [13, 14], the propagation along the
vertical direction of the membrane was neglected, and Ca2+
ion enters and binds to the same plane. In the current work,
we consider a more realistic scenario. Ca2+ ion enters from
endoplasmic reticulum as an infinite plane and propagates to
plasma membrane as another plane at a distance.
FIG. 8. The PKC scenario for Ca2+ signal propagation. The explicit
description is presented in text.
We describe the scenario more explicitly in followings.
Ca2+ ion enters system at r = 0 on endoplasmic reticulum
with an initial velocity v. Here, we still assume the veloc-
ity along z direction perpendicular to endoplasmic reticulum,
which is parallel to the plane for plasma membrane. Endo-
plasmic reticulum will reflect Ca2+ ion and kinase regardless
of whether it is active, while plasma membrane reflects Ca2+
and inactive kinase. Different from inactive kinase, active ki-
nase has a possibility to be bound onto plasma membrane at
a rate of νb. Active kinase phosphorylates target protein at a
rate of νp. At the same time, the bound kinase may unbind
from plasma membrane at a rate of νu. After unbinding from
plasma membrane, Ca2+ ion may detach from active kinase at
a rate of νd. The detached Ca
2+ ion may leave the system, or
attach a kinase and begin a new loop again.
A. Master equation
Besides the state functions in the CaM scenario, a new state
function Pb[n(ξ); r¯, t] is defined as the probability distribu-
tion, when Ca2+ attaches to a kinase and binds into plasma
membrane. Because plasma membrane is at a fixed distance
from endoplasmic reticulum, we adopt r¯ to denote the r with
z equaling to the distance l. They obey the following master
equation:
∂tPi0[r, t] = DC(∇2 − v∂z)Pi0[r, t]
− (νa + νl)Pi0[r, t],
∂tPi[n(ξ); r, t] = Dc∇2Pi[n(ξ); r, t] + νdPa[n(ξ); r, t]
− (νa + νl)Pi[n(ξ); r, t],
∂tPa[n(ξ); r, t] = DK∇2Pa[n(ξ); r, t] − νdPa[n(ξ); r, t]
+ νa{Pi[n(ξ); r, t] + Pi0[r, t]},
∂tPb[n(ξ); r¯, t] = νbPa[n(ξ); r¯, t] − νuPb[n(ξ); r¯, t]
+ νp{Pb[n(ξ¯) − δ(ξ¯ − r¯); r¯, t] − Pb[n(ξ); r¯, t]},
∂tP0[n(ξ), t] = νl
∫
dxdy
∫ ∞
0
dz Pi[n(ξ); r, t]. (23)
The initial condition is
Pi0[n(ξ) ≡ 0; r, t = 0] = δ(r), (24)
and all other probabilities are zero, reflecting that Ca2+ ion en-
ters system at r = 0. Because Ca2+ ion and active kinase will
be reflected by the boundary, we have boundary conditions as
∂zPi,a[n(ξ); r, t]|z=0 = 0, ∂zPi0[r, t]|z=0 = 0,
∂zPi[n(ξ); r, t]|z=l = 0, ∂zPi0[r, t]|z=l = 0. (25)
The boundary condition for the kinase accounts for its bind-
ing to and unbinding from the membrane is [20],
−DK∂zPa[n(ξ); r¯, t] = −νbPa[n(ξ); r¯, t] + νuPb[n(ξ); r¯, t].
(26)
After a dimensionless treatment, the time and space are
scaled by νp and
√
νp/DC , respectively.
B. Mean-field ansatz
Now we give the analytical results in the mean field ansatz.
As in the CaM scenario, the distribution of the phosphoryla-
tion events at time t → ∞ is given by nˆ = p¯b(r¯), which is
related to the kinase distribution as,
∂t pb(r¯) = νb pa(r¯) − νu pb(r¯). (27)
8After integrating, we have
pb(r¯) =
νb
νu
pa(r¯). (28)
To obtain the distribution of phosphorylation trajectories,
we are then left with solving,
−δ(r) = (∇2 − v∂z) p¯i0(r) − (νa + νl) p¯i0(r),
0 = ∇2 p¯i(r) + νd p¯a(r) − (νa + νl) p¯i(r),
0 = DK∇2 p¯a(r) − νd p¯i(r) + νa[ p¯i(r) + p¯i0(r)]. (29)
One can finds that above equations are the same as Eq. (21)
in the CaM scenario. The difference is that the current prob-
lem has additional boundary conditions at z = l. It makes
the Laplace transformation adopted in the toy and CaM sce-
nario failure to solve these differential equations because it
only works in a region from 0 to ∞. Hence, in this work, we
do not try to give the analytical results. However, for large l
the effect of boundary at z = l on the above equations becomes
small. Hence, the pa(r¯) can be solved as in the CaM scenario.
Combined with Eq. (28), one can expect a similar result of
estimation error for PKC scenario at large l. It can be used to
check our simulation results.
C. Stochastic simulation of the master equation
The stochastic simulation of master equation is similar to
the CaM scenario with some changes made for two bound-
aries. After Ca2+ ion enters system with a velocity and moves
a step, if the new position znew = zold + ∆z is not in the
range of 0 < znew < l, Ca
2+ ion will be reflected by two
boundaries to a position in this range. After the kinase is
active, the situation is more complex because it has possi-
bility to be bound onto plasma membrane. Let us consider
an active kinase in zold, which certainly locates between two
boundaries, goes to a new position znew after a random move-
ment at time ∆t. If the znew is still between the two bound-
aries, we draw a random number r between 0 and 1. If r <
e−[(l−znew)(l−zold)]/(DK∆t)νb
√
π∆t/(2
√
DK), the kinase is bound to
the membrane [21, 22]. If the znew is larger than l, the kinase
is bound if r > 1 − νb
√
π∆t/(2
√
DK). Otherwise, it will be
reflected. If the znew is smaller than 0, kinase is reflected only.
If after reflecting, the kinase is still out of the boundaries, the
above step should be repeated until it goes to a position be-
tween the boundaries. After binding to the membrane, a ran-
dom number is drawn to determine whether phosphorylation
happens or kinase unbinds from the membrane as before.
In Fig. 9, we present the simulation results with νa=10,
νd=10, νl=20, νb = 1, νu = 1, and DK=0.02 from 10
8 stochas-
tic simulations, and compare it with the analytical results with
Eqs. (22) and (A11) in the CaM scenario.
Generally speaking, the trends of estimation error and num-
ber in the PKC scenario are analogous to these in the CaM
scenario. With the increasing of distance between two mem-
branes, the estimation error becomes larger. As expected, at
large distance, the analytical result in the CaM scenario fits the
simulation result in the PKC scenario well. Such behavior can
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FIG. 9. The estimation error with νa=10, νd=10, νl=20, νb = 1,
νu = 1, and DK=0.02 from 10
8 stochastic simulations in the PKC
scenario. The lines are obtained by Eqs. (22) and (A11) in the CaM
scenario. The notations are the same as Fig. 6.
also be found at small speed. The small speed, as well as large
distance, means that Ca2+ ion and active kinase has small pos-
sibility to be reflected several times between two membranes.
Hence, the effect of plasmamembrane on the diffusion of Ca2+
ion becomes small, and the only role of plasma membrane is
to bind active kinase to phosphorylate target protein. At small
distance or with large speed, the estimation error is about 0.2
with the adopted parameters. It corresponds to about 7 µm
before dimensionless treatment, which is relatively small by
comparing with the size of a cell. Besides, compared with
CaM scenario, the estimation error and number becomes sta-
ble more rapidly in the PKC scenario with the increase of the
speed.
D. Dependence of the parameters
Now, we consider the effect of variation of the parameters
on the estimation error. Based on the results with νa=10,
νd=10, νl=20, νb = 1, νu = 1, and DK=0.02, we vary each
parameter, and give the results with a speed of 200 in Fig. 10.
Here, we still give the analytical results in CaM scenario for
reference. One can find that with the increasing of speed, the
analytical lines fit the simulation better.
As in the CaM scenario, the increase of the νa and Dk leads
to larger estimation error while small νd and νl leads to small
estimation error. For two new parameters, νb and νu, the sim-
ulation results are nearly not affected by their variation in a
range from 0.1 to 10. It is consistent with Eq. (28), where
these two rates will be canceled when obtaining the estima-
tion error. Such conclusion should not depend on distance
and speed.
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FIG. 10. The variation of estimation error against distance with dif-
ferent parameters from 108 stochastic simulations in the PKC sce-
nario. Except the varied parameter, νa=10, νd=10, νl=20, νb = 1,
νu = 1, and DK=0.02.
V. SUMMARY AND DISCUSSION
Ca2+ signal is important for response of a living organism
to external stimulation. It is interesting to find out the read-
out accuracy of intracellular Ca2+ signal. Since Ca2+ ion en-
ters cytoplasm through a calcium pump and recedes from the
entrance. The readout of Ca2+ signal will become more and
more difficult with the increasing of distance from calcium
pump. The Ca2+ signal often takes effect at a position far away
from the entrance. Hence, in this work, we develop a quanti-
tive frame to study distance dependence of readout accuracy
of Ca2+ signaling propagated in intracellular space.
In Refs. [13, 14], the authors studied theoretically the preci-
sion at which cells can determine the position of a spatially lo-
calized transient extracellular signal. In the current work, we
focus on the behavior of Ca2+ signal along its propagation di-
rection. If Ca2+ ion enters system without velocity, phospho-
rylation events are found to concentrate at the entrance. The
estimation error of signal will become large rapidly, and the
signal dies away due to rapid decrease of the number of phos-
phorylation trajectories. With the parameters in Refs. [16–19],
the estimation error of Ca2+ signal will be about 30 µm at a
distance of about 50 µm. It suggests that the signal can not be
well read out, and becomes a global signal after propagation
in cytoplasm.
Since Ca2+ ion enters cytoplasm through a voltage gate, as a
charged particle, it will carry a velocity from the acceleration
by voltage difference. In this work, we study theoretically the
effect of velocity on readout accuracy of Ca2+ signal. With the
increase of speed, the penetrability of Ca2+ ion is raised ob-
viously. It exhibits at two sides, the smaller estimation error
and slow decrease of the number of phosphorylation trajecto-
ries. With a large speed, one can find that the estimation error
is stable at about 5∼10 µm with the increasing of distance,
which suggests a local signal compared with the size of a cell.
The current results suggest that the distance between cal-
cium pump and the position where the signal is read out
should be considered to estimate readout accuracy of Ca2+
signal. And initial velocity can regulate the penetrability of
Ca2+ signal. In the current work, we do not consider the effect
of puff and noise, which has been discussed in Refs. [13, 14],
which can be introduced in future work with other realistic
factors.
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Appendix A: Explicit solution of master equation in the CaM
scenario with mean-field ansatz
In this appendix, we will give the explicit to obtain estima-
tion error in the CaM scenario in the mean-field limit. The
master equation is rewritten as
p˙i0(r, t) = (∇2 − v∂z)pi0(r, t) − (νa + νl)pi0(r, t),
p˙i(r, t) = ∇2pi(r, t) + νd p¯a(r, t) − (νa + νl) p¯i(r, t),
p˙a(r, t) = DK∇2 p¯a(r, t) − νd p¯i(r, t) + νa[pi(r, t) + pi0(r, t)],
p˙0(r, t) = νl
∫
dr[pi(r, t) + pi0(r, t)]. (A1)
After integrating the above equation from t = 0 to∞, we have
−δ(r) = (∇2 − v∂z) p¯i0(r) − (νa + νl) p¯i0(r), (A2)
0 = ∇2 p¯i(r) + νd p¯a(r) − (νa + νl) p¯i(r),
0 = DK∇2 p¯a(r) − νd p¯i(r) + νa[P¯i(r) + P¯i0(r)]. (A3)
Eq. (A2) is only for the p¯i0(r), and does not couple with other
equations, which can be solved first. We would like to remind
that the x/y is from −∞ to ∞ while the z is from 0 to ∞. Due
to the existence of velocity v, we can not extend z to full range
from −∞ to ∞. Here, we perform the Fourier transformation
for x/y but the Laplace transformation for z, which yields
p¯i0(~q, k) =
−1 + (k − v) p¯i0(~q, 0) + p¯′i0(~q, 0)
k2 − q2 − vk − (νa + νl)
≡
−1 + (k − v) p¯i0(~q, 0) + p¯′i0(~q, 0)
[k − ω+(q)][k + ω−(q)]
. (A4)
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Then, we preform an inverse Laplace transformation on k,
p¯i0(~q, z) =
−1 + [ω+(q) − v] p¯i0(~q, 0) + p¯′i0(~q, 0)
ω+(q) + ω−(q)
eω+(q)z
+
1 + [ω+(q) + v] p¯i0(~q, 0) − p¯′i0(~q, 0)
ω+(q) + ω−(q)
e−ω−(q)z, (A5)
with ω˜±(q) =
√
v2/4 + q2 + 1 ± v/2. Now we need to deter-
mine p¯i0(q, 0), p¯
′
i0
(q, 0). Since the p¯i0(q, z) should converge at
z → ∞, we have
p¯i0(~q, z) = p¯i0(q, 0)e
−ω−(q)z. (A6)
Inserting the above result to Eq. (A3), we can determine
p¯i0(~q, 0) = 1/ω+(q). The above method can be also used to
the toy scenario.
Now, we solve the left two equations which are coupled
to each other. The z is still larger than zero for these two
equations. However, due to the boundary at z = 0 is reflective,
it is reasonable to make an even extension. Hence, we can
preform the Fourier transformation for three direction as,
0 = −DK(q2 + k2) p¯a(~q, k) − νd p¯a(~q, k) + νa[ p¯i(~q, k) + p¯i0(~q, k)],
0 = −(q2 + k2) p¯i(~q, k) + νd p¯a(~q, k) − (νa + νl) p¯i(~q, k). (A7)
It is easy to obtain,
p¯a(~q, k) =
νa[q
2
+ k2 + νa + νl]
ω−(q)/ω+(q)
k2+ω2−(q)
[q2 + k2 + νa + νl][DK(q2 + k2) + νd] − νaνd
.(A8)
An inverse Fourier transformation yields,
p¯a(~q, z) =
νa
DK
ω−(q)
ω+(q)
·
[
ω′2(q) − λ2
+
(q)
λ+(q)[λ
2
+(q) − ω2−(q)][λ2+(q) − λ2−(q)]
e−λ+(q)z
+
ω′2(q) − ω2−(q)
ω−(q)[ω2−(q) − λ2−(q)][ω2−(q) − λ2+(q)]
e−ω−(q)z
+
ω′2(q) − λ2−(q)
λ−(q)[λ2−(q) − ω2−(q)][λ2−(q) − λ2+(q)]
e−λ−(q)z
]
. (A9)
where λ± =
√
q2 + (b ±
√
b2 − 4c)/2 with b = (νa + νl) +
νd
DK
and c =
νlνd
DK
. ω± =
√
q2 + (νa + νl) + v2/4 ± v/2. ω′ =√
q2 + νa + νl
The number distribution is
nˆ(z) = p¯a(~q, z)|~q=~0. (A10)
The results can be obtained easily by taking all q in Eq. (A9)
to zero and given in Eq. (22). The estimation error can be
obtained as
ℓ2(z) =
1
nˆ(z)
∇~q nˆ(~q, z)|~q=~0
=
νa
DK N(z)
ω′2 − λ2
+
λ2+ − λ2−
[
ωω′2ω2− + vλ
4
+
+ λ2
+
ω(−3ω′2 + 2ω2−)
− λ+ωω′2(λ2+ − ω2−)z
] e−λ+z
λ3+ωω
2
+[λ
2
+ − ω2−]2
+
νa
DK
[
v2(λ2
+
λ2− − 2(λ2+ + λ2−)ωω− + 4ωω3− − ω4−)
− vω′2(ω2− − λ2−)(ω2− − λ2+)z
] e−ω−z
ωω2+(ω
2
− − λ2−)2(ω2− − λ2+)2
+
νa
DK
ω′2 − λ2−
λ2− − λ2+
[
ωω′2ω2− + vλ
4
− + λ
2
−ω(−3ω′2 + 2ω2−)
− λ−ωω′2(λ2− − ω2−)z
] e−λ−z
λ3−ωω
2
+
[λ2− − ω2−]2
. (A11)
Here, ω =
√
(νa + νl) + v2/4.
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